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Abstract 

« , 

In the present paper, we establish that Riesz transforms for Dunkl Hermite 
expansion as introduced in [3] are singular integral operators with Hormander's 
type conditions and we show that are bounded on L p (M. d ,dfi K ), 1 < p < oo. Q 



in 



< 

U ■ Introduction. 

In [1] the authors introduced the Riesz transforms related to the Dunkl harmonic 
oscillator L K and they proved that when the group of reflections is isomorphic to Z2 
such operators are LP bounded with 1 < p < 00. The aim of this paper is to present an 
extension of this result to general group of reflections in arbitrary dimensions. Our 
approach consists in the application of the standard theory of Calderon-Zygmund 
O ! operators. The setting, which is described in more details in section 2, is as follows: 

Let R be a (reduced) root system on M. d and G the associated reflection group. Set 
k : R — > [0, +00 [ a nonnegative multiplicity function on M. d and the weighted measure, 

c3: d l x K (x) = Y[\(a,x)\ 2 ^ a \ xeR d 



X 



where ( . ) is the Euclidean scalar product on M. d . The Dunkl operators Tj, (j = 
1, d) on R d associated with G and k are given by 

where a a denotes the reflection in the hyperplane orthogonal to a. The Dunkl har- 
monic oscillator is the operator L K = —A K + ||x|| 2 where A K denotes the Dunkl 

d 

Laplacian operator A K = T?. In particular the operator L K can be written as 



1 d 

L K — - + where 5j = Tj + Xj and 5* = —T, 



3 1" x j- 
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The Riesz transforms related to the Dunkl harmonic oscillator are defined as a 
natural generalizations of the classical ones ( see [10J) by 

_i 

Rj = 5jL K 2 , j = I.. A. 

The L 2 bounded of these operators can be easily obtained from the Dunkl Hermite 
expansions. Closely related to the integral operators the key new ingredient leading 
to L p bounded is the following: 

Theorem 1.1. Let S be a bounded operator on L 2 (M. d ,dfi K ) and K be a measurable 
function on M d x R d \ {(x, g.x); x E M d , g E G} such that 

S(f)(x)= [ K(x,y)f(y)df, K (y), (1.1) 
Jr n 

for all compactly supported f in L 2 (M> d ,dfi K ) with supp(f) D G.x = 0. If K satisfies 
the Hormander's type conditions: there exists a positive constant C such that for all 

y,y eR d , 

K(x,y )\dfi K (x) < C, (1.2) 
K(y ,x)\dfi K (x) < C, (1.3) 

•J mm 9eG \g-x~y\>z\y-y \ 

then S extends to a bounded operator on L p (M. d , dfi K ) for 1 < p < oo. 

We will show that Riesz transform Rj has an integral representation satisfying con- 
ditions of Theorem 11.11 

Theorem 1.2. The Riesz transforms Rj are bounded on L p {R d ,dfi K ), 1 < p < oo. 

2 Background and outline of the proofs. 

We first collect some background materials for the harmonic analysis associated with 
Dunkl operators. For more details see references [2], [31 U\ S [11] and the literature 
cited there. 

The Dunkl kernel E K} associated with G and k, is defined on M. d x C d by: for 
y E C d , E K (.,y) is the unique solution of the system: 

•/;,/• //,./•• /(o) = i. (2.1) 

It is symmetric in its arguments and has an unique holomorphic extension on C d x C d . 
The Dunkl kernel is connected with the exponential function by the Bochner-type 
representation 

E K (x,y)= [ e^dvM (2.2) 
where u x is a probability measure supported in the the convex hull co(G.x). 



/ \K{x,y) 

Jmiiiggc \g.x-y\>2\y-y Q \ 

\K(y,x) 
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The Dunkl transform is defined, for / £ dfi K ) by: 

J 7 K(f)(0 = —[ f{x) E K (-i^,x)dfi K {x), c K = I e~^~ dfi K {x). 

C K Jrn Jj&N 

It plays the same role as the Fourier transform in classical Fourier analysis (ac = 0) 
and enjoys similar properties. 

On L 2 (M. d , dfin) the Dunkl translation operator t x , x £ W 1 is defined by 

T K (T x (f))(y) = E K (ix,y)F K (f)(y), yeM d . (2.3) 

When / is a continuous radial function in L 2 (M. d , du. K ) with f(y) = f{\y\), an explicit 
formula of T x (f) is given by 

r x (f)(v)= [ f(V\x\ 2 + \y\ 2 + 2<y,v>)dvM- (2.4) 

This formula was first found by M. Rosier (8] for Schwartz functions and extended 
later to continuous functions by F. Dai and H. Wang [I]. The Dunkl translation 
operator satisfies 

(i) For / £ L 2 (R d , dpi K (x)) n L\R d , dpL K (x)) 

r x (f)(y)d^(y) = [ f(y)dfi K (y)- (2-5) 

JSL d 

(ii) For Schwartz function / 

TMf) = r x (Tjf) (2.6) 

Let V = CpR d ] denote the algebra of polynomial functions on M. d . The following 
bilinear form on V, 

f -A K -A K -|a:| 2 

\P, q\k = p(T) (g)(0) = c K / e 2 p(x)e 2 q(x)e 2 dfi K (x) 

define a scalar product, with some normalization constant c K > 0. For a given or- 
thonormal basis {ip n ,n £ N '} of V with respect to [.,.]« we define the Hermite poly- 
nomials H n and the Hermite functions h n on W 1 , 

H n (x) = 2 |n| e^ iL v ? n(^), and h n (x) = 2~^e~^~ H n (x), n £ N d , 
see[5] for more details. The important basic properties of the H n and h n are 

(i) H n satisfies the Mehler-formula, 

V g "(^) r H = '-^e-^^E^^-x, y). (2.7) 
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(ii) h n , n G N d are eigenfunctions of the operator L K , with 

L K (h n ) = (2\n\ + 2 1 + d)h n . 

(iii) The set {h n ,n G N d } forms an orthonormal basis of L 2 (M. d ; dfi K ). 

Let V, denotes the subspace of all finite linear combinations of |/i n , n G N d |. The 
Riesz transform associated with L K is given on T> by 

#,(/) = 5,L~J(f) = ( 2 M + 27 + (/, M^A, / G V. 



L K 2 is defined on L? (W 1 , dfx K ) by 

L «Hf) = ( 2 l^l + 2 7 + d Y h (f,h n )h n . 

Proposition 2.1. The Riesz transform Rj extends to bounded operator from L 2 (M. d ; dfj, K ) 
into itself. 

Proof. A short calculation shows that 

(6 j f,g) = {f,6*g); f,geV. 

Then with the notation 

R*(f) = 5*L~J(f) = J2 ( 2 M + 27 + d)~*(f, h n )6*h n , fev, 

ngN d 

we have, 



\Rjf\\\ k < \\ R jf\\l,k + \\ R jf 



|2 



5*5^ (f) , L~J (f) j + (SfiL** (f) , L~* (f) 

d 

j2m+^) L ^ 2 (f),L-J(f) 

2(L K L-*U),irJ{f)) = 2 / |/(y)| a dA*«(v). 



Since T> is a dense subspace in L 2 (]R d ; <i/z K ), then Rj is uniquely extended to a bounded 
operator on L 2 (IR d ; d/i K (x)). □ 

2.1 Proof of Theorem fTTTI 

Considering the homogenous space (M. d ,dfj, K ), the proof follows essentially the proof 
of singular integral theorem of Calderon-Zygmund, see for example [9J. It consists of 
showing that the operator S associated to the kernel K is of weak type (1,1) and we 
can therefore concluded Theorem II. II by interpolation and duality. 

Let / G L 1 (M d , d/j, K ) fl L 2 (M. d , d/jj K ) and A > 0, there exist a decomposition of /, 
f = h + b with b = ^2jbj and a sequence of balls (B(yj,rj))j = (Bj)j such that for 
some constant C, depending only on the multiplicity function k, 



Riesz transform 

« \\h\L < CX; 

(ii) supp(bj) C Bj; 

(iii) / bj(x)d/i K (x) = 0; 
Jb 3 

( iv ) I R d \bj(y)\dfM K (y) < C \u. K (Bj); 

(v) £>,(Si)<y / l/(f)l<Wl/) ■ 

We will show that the following inequality hold for w = h and w = b : 

Px (S(w)) = u,J{x G M d ; \S(w)(x)\ > ±}) < £ [ \f(y)\du, K (y)dy. 
The L 2 -boundedness of S implies that 

Px(S(h)) < 1 / |S(/0(aO| a dA*i.(s) 

< ^ / |/i(x)| 2 ^ K (x) 

< — / \h{x)\ 2 dp K {x) + ^r f \h{x)\ 2 du. K {x). 

In view of (i) and 

/ |/i(x)| 2 rf/i K (x) < CX^UBj) < CX [ \f{y)W R {y) 

and since f(x) = g{x) on x G (U • -Bj) c , 

/ |Mx)|> K (x)<CA / |/(y)|d/* B (y). 

The inequality f)2.8p is then satisfied for /i. 

In order to prove the inequality (12.81) for the function b, we put 

S; = Biy^rj); and Q* = (J 

and we have 

Px(S(b)) < n K (\Joi) +hAxg (\JQ*) C ; \s(b)(x)\ > ± 

3 I 3 

Using the volume doubling property of the measure u. K with (v), 

Vk(\JQ*) < \G\"£^(B*) KCj^n.^) <jjjf(y)\du. K (y)- 
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Furthermore if x £ Q*, we have 



mm\g.x-y j \>2\y-y j \, y G B y 



Thus, from (Oj» /m) ,(mJ, JT2J, fwj and fuj 



|5 , (6)(x)|(i^ K (x) 



(UQ*) C 



< 



< 



< 



£ / \S{h 3 )[x)W K {x) 



K(z,y)bj(y)d(ji K (y) 



d/i K (x) 



bj(y)[K(x,y) - K(x,y j ))d^ K {y) 



dfi K (x) 



E 



<E/ IWI / |^(«, 2/) - K(x, yj )\dpL K (x)dv K (y) 

j JR N J{Q*Y 

E / \ h Av)\ / \K(x,y) - K(x,yj)\dfi K (x)dii K (y) 

■ JR N Ju>ijig eG \g.x-yj\>2\y-yj\ 

cW to(i/)l<Wv)<c / l/(v)l<Wv)- 

■ JR d JR d 



We immediately get 
Hk { x G 



(U^) C; I^C&)(^)I > ~ j < | / \S(b)(x)\d^(x) \f(y)\d^(y). 

V J 7 Z J A J{vjQ*Y A JR d 



and (EHD for 6 follows. 



2.2 Proof of Theorem Q 

To prove Theorem 11.21 we need several lemmas. Let us start by writing the Riesz 
transform as an integral operator given by (jl.ip . 

The Hermite semigroup e~ tIjK ( t > ), is given on L 2 (IR d ; by 

e" tLK (/) = E e"' (2|n|+27+d) (/,^)^, / G L 2 (R d ;/i K ) 

neN d 



and has the following integral representation 



where 



e- tLK (f)(x)= / k t (x,y)f(y)dfj, K (y) 



k t (x,y) = e- t{2lnlwd) h n (x)h n (y). 



(2.9) 
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The Mehler-formula (EZD for the H„ leads to 



kt{x,y) 



e -l(\ x \* + \y\*) e -t(2y+d) ^ 



-2t\n\ 

H n (x)H n {y) 

2\n\ 



[sinh2t) 



7+ : 



' sinh2t 



Moreover, by (l2~2"j) 



1 



1 

[sinh2ty + i 
1 



_coth2t cu|2_l|„|2^ 

-e 2 



e _ £2f? l (la:l2+ l yl2 _ 2(yl??>)e _, /l%l??> ^^ ) 



p| y -^|2-t/ l t( y , J? > e -£2f? i (| a: |2_|^|2 )d ^, . 



(sinh2t) 

Let the kernel of the classical Her mite semigroup (see [ID]), given by 



[sinh2t)"- 



_ e _22imi\ x ^ y \2_ tht(x>y) ^ 



Thus we have 



h(x,y) 



{sinh2t)i J R d 



(2.10) 



As in [10] we shall use some estimates for the kernel k t . From f)2.10p this can easily 
done by investigating estimates of [10J for the kernel listed below. 

Lemma 2.2 ([10]). For < t < 1, there exist positive constants C and a indepen- 
dent of x,y and t, such that 



(i) k° t (x,y) 
(%%) yjk°(x,y) 
(Hi ) 



d -a\x-y\ 

< Ct 2 e * 



dk? , , 
' f x,y) 



d+l -a\x-y\- 

< Ct 2 e * 



d+l 

< Ct 2 e * 



< cH"V 



Lemma 2.3 ( [10] ). Fort > 1, t/iere exist positive constants C and a independent of 
x, y and t such that, 



(i) k° t (x,y) 



< Ce~ dt e- alx - yl2 . 



(ii) yjk°(x,y) 



< Ce- dt e~ alx - yl2 . 
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Consequently we obtain the following: 

Lemma 2.4. For < t < 1, there exist positive constants C and b independent of 
x, y and t such that, 

(i) \k t (x,y)\<Ct-^i r x (e^ 2 )(-y) . 

(ii) yjk t {x,y) < Ct -7- ^ 1 r x {e~r^ 2 ){-y) . 



dk t 



(Hi) p-(x,y) < Ct~^ r x {e^){-y) . 

(iv) y~-{x,y) < Ct~^~ x T x {e^){-y) . 
Proof. In view of (l2TTUj) . Lemma O and (g3D 



h(x,y) 



< 



{sinh2t)"t J R d 



< c*-?-f / e 



b, |2, 



dv x {rj) = Ct 7 2r x (e * M )(-y). 



which prove (i) with b = min(a, ■£). We obtain (ii), (iii) and (iv) by similar way. □ 

Lemma 2.5. Fort > 1, there exist positive constants C and b independent of x,y 
and t such that, 

(i) < Ce-^ + ^V x .(e- & l-l 2 )(-2/) 

(ii) \vM*>v)\ < Ce-P^T^e-WX-y) 
The proof is very similar to that of the previous lemma. 

Lemma 2.6. For < t < 1, there exist positive constants C and b independent of 
x, y and t such that, for < t < 1 and 1 < i, j < d, 

(i) (xj - yj)kt(x,y) < Cr 7- **' T x (e^ v? ){-y) . 

(ii) (xj - yj)^-(x,y) < Ct^'i T x (e^ 2 )(-y) . 
Proof. In view of (12. 4p and ( 12. 2 j) we have that 



r.(e-l-l 2 )(-y) = e-(N 2 ^ 2 )^(^x, 2/ ). 



From which and (12. ip 



T jTx(e " ll2 )(-y) = - Xj)r x (e t b \-\ 2 )(-y). 
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So, using ( 12. 6 p we get 



(Vj ~ Xj)h(x,y) 



It's the same for (ii). 



Next, we put 



< cr 



cr 



d 



t 



)(-y) 



26 



T^-e-l'l )(-y) 



6 I |2s 



< at^-i r x (|.|e-rN )(-y) 

< r x (e^l-l 2 )(-y) 



Kj(x,y) 



1 /"+ 00 c/t 

Tf./„ 

k t (x,y)((l-coth2t)x j + — t y j )- rt . 



□ 



(2.11) 



Lemma 2.7. For a// x, y G R , y ^ i/ie integral i2.11\) converge absolutely and 

1 



|^(x,y)| <C — 



mm g£G \y - g.x\ 2 ^ +d 
Proof. Let us first noting that for x, y, rj G R d , 77 e co(G.x) 



max |y — o.a;| < a/M 2 + \y\ 2 + 2 < y,rj > < max \y — g.x\. 

g&G g&G 



In view of Lemma I2.4[ Lemma I2.6[ ( 12. 4 p and (12. 12[) 

l \ kt ^ y K {1 - coth2t ^ + ^ t yj 

k t (x, y) ^(1 — coth2t)(xj — y,j) + (1 — tanht)^J 



dt 



dt 
7t 



< C r x {e^){-y)^ 

= C [ f^eW-W)^)* 

|x| 2 + |y| 2 -2(j/,r;) 



c 



< c 



1 



(2.12) 



{\x\* + \y\*-2(y,r,))'r + *^Jo 
1 



u 7 2 e u du)du x (r]) 



mm geG \y - g.x\ 2 ~t +d 
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However, from Lemma [2.51 it follows that 



k t (x, y) I (1 — coth2t)xj + 



dt 

~7t 



sinh2t' 

< CT x (e~ b ^ 2 ){-y) < c e - fcmin ^Glwl 2 < Q 
which proves the result. 



1 



mm 9eG \y - g.x 



□ 



Proposition 2.8. The Riesz transform R k - satisfies 

R k Af)(x) = [ K j (x,y)f(y)d f , K (y) 



for all compactly supported function f G L 2 (M. d ; dfi K ) with G.x H supp(f) = 0. 

_i 

Proof. We first write L K 2 in the folowing way 



+oo 



L-J(f)(x) = — I e-^(f)(x)^. 



Therefore, (I2.9P and Fubin's Theorem yield 



L K *{f){x) = -= 

V n JR d JO 



h(x,y)f(y)dfi K (y)-j= 



Following the proof of Lemma \2.7\ the last integral converge absolutely when G.x D 
supp(f) = 0. Indeed, by Lemma [231 

1 dt 
h(x,y)f{y) dfi K (y) — 



< C 
= C 

< C 



R d JO 



Vi 

V^-l r x (e^ 2 )(-y)\f(y)\^ K (y) 



\f(y)\ 



mm s6G \y-g.x 



2-y+d- 



In addition, applying Lemma [2.71 we get 



dt 



h(x,y)f(y) d^ K {y)-= 



< C 
= C 

< 



+oo u 

e(- 2 ^r x (e- b l-l 2 )(-y)|/(y)|^ / i K (y) 

e (-2 7 -^ e -KW^|^-2(^>)) |/(y)| ^^ ( ^^ (y) 

e^- d ^\f(y)\-^du y ( v )d^(y) 



< C / \f(y)\dfx K (y). 
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Now, making use of (ii) of Lemma [2. 71 and (I2.12p . we deduce that 



dk t , , dk t 



dxn 



{x,y) = ^-(y,x 



< 



t-T-fe-fmin^Glg.x-?;! 2 . Jf Q < f < 1. 
e -(27+o!)i e -femin !?sG |g.x-y| 2 . jf £ > 



Thus, by Leibnitz's Rule for differentiation of integrals 



-I 1 



+00 



dt 



Rj(f)(x) = 6 3 L^ = — / 5M^y)f(y)-J=dfi K (y) 

V ^ JR d Jo yt 

Kj{x,y)f(y)du, K (y). 



and the proof of Proposition 12.81 follows. 

Proposition 2.9. There exists a positive constant C such that for all y,yo G M. d 



□ 



I 



min seG \g-x-y\>2\y-y \ 



min seG \g.x-y\>2\y-y \ 



Kj(x, y) - Kj(x, y ) du. K (y) < C 
Kj(y,x) - Kj(y ,x) dfi K (y) < C 



(2.13) 
(2.14) 



Proof. We will only show (I2.13p . since the proof of (12. 14ft follows in a similar way. 
Put, 

h t (x,y) = Sjk t {x,y) = k t (x,y)((l - coth2t)xj + —j^Vj 
Then in view of (I2.1ip . for all x, y G R d , y G.x 



From Lemma [2.71 we have 



. . .dt 1 
ht{x,y)—= + — . 

yt Ji 



+oc dt 
ht(x,y) 



Kf\x,y) + Kf\x,y). 



\Kf\x,y)\drt K {x) < C 




< C 



+oo 



+ 00 7, 

e{ - 2 ,- d) t e ^ dfiK{z) dt ^ c 

yt 



Therefore, 



min 9 6G \9-x-y\>2\y-y \ 



Kf\x, y) - Kf\x, y ) du. K {x) < 2 / \K 2 {x, y)dri K (x) < C. 



However, the estimates of Lemmas 12.41 and 12.61 give 



dht 
dyi 



[x,y) <Ct^-t- 1 r x (e^l-l 2 )(-y), 0<t<l 



where 



dh t 



g(x, y) ( (1 - coth 2t){ X j - Vj ) + (1 - tanht) % ) , if % ± j 

dk t 



<->!!, 



X 



y)((l - coth2t)(x j - jjj) + (1 - tanhtjj/jj + ^2ih(x,y). 
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By mean value theorem, 



Kf\x,y) - K^ l \x,y ) = -J= f \h t (x,y) - h t (x,y )\^= 

Jo Vt 



\y-yo\ 



d6 



dt 

Vt 



< C\y- yol f f r^f" 1 r x (e^ 2 )(-y e )d9^= 

where y e = y + 6(y - y Q ). If min seG \g.x - y\ > 2\y - y \, we have that 
min \g.x - y e \ > mm \g.x - y\ - \y - y 9 \ > \y - y \ 

g&G g£G 



and by fl2~^j) - fl2~T^) 

r,(e^l-l 2 )(-y e )<r a .(e^(l-l + I^D : 
Hence by using ()2.5p . we get that 



-ye 



/ 



Kf\x,y)-Kf\x,y Q ) d^ K (x) 



(i)/ 



min seG \g-x-y\>2\y-y \ 

< C\y-y 



1 rl 



t -i-i-i 



o Jo 
1 



T -ye I e 



C\y-y \ / 
'o 



7-1-1 



^(l-l+lf-««l) 2 )(x)d^(z)^id0 
dji K (z)- 



< C\y-y \ 

< C\y-y \ 

< C\y-y \ 



dt 



r 2 7+d _ 1 / r7 _|_ le - (r+ | J/ _, | )2 - ^ 

Jo 



r 



27+d-i 



(r+\y-y \r< +d+1 
+00 1 

{r + \y-yo\r 



This finishes the proof of proposition 12.91 and concluded Theorem 11.21 



□ 
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